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. jumping rule:

'BOOK NINETEEN

1*. Start at ( , 9 and make one jump. Land:
(The jump is shown below.)

2. Make a jump starting at ( 3 , 1 ) . Land:,

,1 , 10

3. Make five more consecutive jumps and draw them below.

Second
Number

Ob.

J.

f

1

-

First
Number

-4. Name a point whose first number is larger than 50 , on which you will
A,land event,ually, starting at ( 2, 9 ) .

5. Stavitting at. ( 2 , 9 ) , will you ever hit4 ( 603 , 9 ) if you use the rule
enough tithes?

6. Where can you start so that after 21 consecutive jUi-riPs you land on'
( 100 , 9 ) ?

j-18.
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New rule: '( > + 5 , 10

7. Again start at ( , 9 ) . Make as many .consecutive jumps as you can
draw below.

Second
Ni4mbe r

4

0

EV-

8. Write it rule which will give these jumps:

Second
Numb.er

ANN

$

7

(9

z

First
Number

A

First
Number

J-18
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94 . Write a rule.

Second
Numbe r

A

ich will give these jumps:

0)7)

First
Numbcer

10. Using the original rule, ( n , A 1? + 1, 10 A), make and
.draw five conseutive jumPs starting at (.6 , 6 ) .

Second/
rible

5

4

First
Number

11, Using the same riAle):1-pake five consecutive junips starting at 0 , 5 )
Oraw them on the graPh..'paper above.

J-18

A

7 a

_



U. 1;1.sing the rule-

, 13

make and draw five consecutive jumps starting at ( 2 , 9 )

Socond
N4nnber

First
Number

13. Where can you.start so that;\y'our jump is horizontal; that.is, so that it
goes neitl-;r-up nor down?

ID`

J-18



14. Write a rule which Will give these jumps:

^.

7

10

(

15. , Write a rule which will
give' these jumps:

01.

J- 1 8

>

Second
Number

(o, o)

First
Number

(I01 o o) o,i oo)

(2.o ,o)

First
umber



I )

A.16. Instad of adding a.constant amount' to 0, this time we will add , so
2.'that' the distance .we moVe to the right Will depend 'on 'how far up our start-

, ing point is. '

1'

The rule.:

V('

Second. '
N,umbe.r

10

t at ( 1, 8.) and make five consecutive jumps. Show them below:

r

t o

r

First.
Number

0 25

(b ) Where can you start so that your jump goes neither up nor down?

( ) Where can you start so that your jump goes neither left nor right?
A

(d) Describe all the standstill points of this rule:

( e ) If you want to say something about the rules we.have been using so
far, write it here:

J-18
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Jumping arule:

(10 10

Do the following and, where indicated, show the jumps on the nurjiber plane _

on page 9 .

L2

3.

4.

Make a.jurnp startinawat .( 7 , 4 ).
,
a

cippt_ (7 )

This junip has been plotted for ,you 'on page-- 9 ;

5. ( 6 , 6 )
a

7. ( 4 , 6 )

J-18

is the same as

I.

"Plot starting and landing points,
and draw-the jump.

- Draw the jump as in obrems
and 3.

Draw the
.

ju

4,



0

c,Onti..ntie with the r.u.1Z::. ( ) ( 10 7. A , 10. LI )

8.

9. ( 4, 7

10 .

IL.

( 9 , 8
a

st,

Draw the jitmp.

1 3. List standstill points:

Draw the jiimp.

) ')

Plot these and all other standstill points on the next page.

0

4

,

1

0

J-18
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Continue with the rule: ( 1/\ ) .( 10 A :, 1 0 IA )
r.

. , )Picture 6 jumps on.rreceoing two pages:-
, I)

cond
Numbe r

404.

7

--

-

4

. tNumber

e

*1.4,. Describe a geometri,c''thethod to-'find the landing point, givnan 8 tarting .

"'point.

a

a.

p



U. ..1,.i.unping rules:

a
c

1. . St,a rt at ( 5, ;4) . Do the ifolloWing.invorder:

l'uftip with rule b ; land

4-Jump with rule c land: (7 "1)
Juipp.with r;ule b ; land:

Jump Imitkrule c ; land:

ww.

11

sk,

Plot 4( 5, 4 ) and.your var:ious landing points below, and conne,ct successive
points with'straight.lines. (Keep an eye out for how one could describe

.geometrically the nature of the jumps given by each of these two rules. )

,Second
Number

7 - 6 -6 -4
-4

3

3.

06 7 rr .ID

44 -4

A

4

First
Number

fr

- 1 8



.Continue with the rules: ( Li , A ) ( A , n .

(Ii, A ) ( , )

- 1 8

opeat the preeethng for the starting point ( 8, -7 )

.r

S.econd
Number

7 44

3

42.

-4 23
First

1,0 Number

-z
".3

1.

-7



Continue with the rules; (, , A ) 77-> ( , ).
.

I

( , A ) ( -A , Hi )

3.. Using the rules in the order b , c , b , c , where could you start so
that if you connected the pOints you would get a square?

Second
Number

111111111111111111111111111111V1111/111111111
111111111111111111111111111111M111111.11111111111
111111111111111111111111111111111111111111111111111

11111111111111111111111111111111.11111111MMII
1111111111111111111111111111111111111111111111111111

1111111111111111111111111111111111111111111111111
11111111111111111MIEN111111111111111111111111
111111111111111111111111111MIIIIIIIMIEMI
313,713331111111111111MIIIII1I1
111111111111111111111=1111111111111111111111111
1111111111111111111111MIIMUM11111111111111aauaaauuauaaauauuiaaauauaaaaaaaaaiamua
ltill.1111111111111111111111111.111111

MINIE1111111111111111111111111111111111111111111

FNulnrAls*

4. *What happens if you start ati ( 5 ,5 ) and use the rule's in the order

12 J-18



Continue. with Lhe rules: A ) ( A , LI )

( , ) ( , H )

5. What happens if you start at (, 4, 4 ) ?

*6. Where can you start so that when you connect the landing points yov have
rectartgle that is 3 times as long as it. is wide?

42.If you want to.say something about these rules, write it here:

J-1 *

A

1

44

13'
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4 Each of.the rules in this written lesson, with the exception of
( I L A ) ! + 10 n) , is an- example of an important class of

2

number plane jumping rulesthe isometrics. An isometry., or rigid moti,
is any jumping rule which preserves distances : 'the distance between any two
starting -points is .the same as the distance between the t,vo landing points given
by the rule.

Consider, for eample, the two starting points ( 8 , 7 ) .,and ( 12 , 10 ).
(We picked these points for our first example because, the distance between
them is 5 units.) Using the rule ( ) 0 + 1 , 10 ), we ob-

#
tain the landing points ( 9 , 3 ) and ( 13 ;b0 ) , respectively. It is not hard to
calculate ot see 'from a picture of-these jumfm that the distance between the
starting points, ( 8,7 ) and ( 14,10 ), is the same as the distance between the
landihg points, ( 9 , 3 ) and ( 13 , 0 ).

Second
Number

.... ,..

- ,

.
.

,
,`

. .

/
--.

rd .

S5 TI;ese. two
.thstances

are the same
.

i.

....-."''`..
,

i

. L
,

. .

lo is
First

'Number

Even in casesn.where the distance between the two points is very messy

to compute, you.can see from a picture that the distance between the a tarting
,

points is the sarve as the distapce.betwe.e the landing points.
\... ,



. Another example: The rule ( , A ) > ( LI + 1 , 10 ' A ) sends
( 4,9 ) to ( 3 , I ) and 7 , 8.) to ( 8,2 ) . As the picture below shows, the

c7distance betweea the starting points is the same as the distance between the,
landing points .

Second
Numbv r

,

10 ist

. .. .. .. 0..6

A

These
distances

are the

two

same'

''-----i

5 ....._

A
.. I

,

J
.

--,

- w
...

.. -. ''''
.1,

.

s*

0 I 15
p , , . _

as

First
Number

t1

An important fact about isometries is that the composite of any two
isometriese'is alsd.an isometry. To sey this, .suppose that rules A and B

,

are both isometries..: If we pick any.two starting points and put them through'
rvle A , the di§tance between the landing points wi..11 be the same as it was
between the starting pointii. If we now apply rule B , again the distance re
Mains uncha'nged.. Thus,, the composite rule AB , whidh has the sameeffect
as first doing rule A and then rule B , preserves distances, and so it too
is an isometry.

Consider the first rule in the written lesSon:

( 1:,;1 , A') ( .4- 1 , 10 W A )
V.

One war to look at this rule is as Te composite-of two isometrics:
I. iti..\

\ A' ( Li , A ) x---> ( Li + 1 ,, 4\ )

B.-and , ( rl., A ) ---> 1 n , 1 0 -. A )------
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Rule A , )

space to the right:

Se(ond-
t /IN umbe r

.( I .1 + 1 , A ) , slides every po.int in the plane one

ren4

4. E

IP%

115

Rule

'line which

Eirst
'Number

( 7 . ( H, 10 A ) , flips the whole plane about a hori:zontal
is five spaces up from ( 0 , 0 ) :

, , 1

Second
Number

.
.

to

( '4

1

,

00411

411if

i I

Sle so P
'

SIP sr .p-

.-

!
k.

St

.
. ;

. IIIIIII .
,

.
----,

- ..,,
..

,

,
,

.

, . Fire
_. _..

f

...___
,

D 15 Numt

i
. . 4

,
I .

...',
.

li

e r



il'he kind of isometry- which, like rule A.,. moves eve'ry point the same
diStance and direction might well be called a glide in the elementary classroom;.

a

( technically, it is called a translation. The composite of any two translations
is again a translation. Since a tianslation which mo.yes any particular point
moves all other points the same distance and direction, no translation except.
the simple one, ( U., A ) ----> ( U, A ) , has any stanastill points: EVery
point is a stands.Lill point of the rule ( ) > ( LI , A ) because nothing
is moving at ally

The kind of isometry.which, like rule 13 ',` spins the whole plane about

seTtile straight line can be spoken .o-f in the classroom as a flip; technically, it
is ealled.a reflection . The standstill points of a reflec,tion are a.1,1 the points

On the line ,around which the plane is turned.

Rule a of par- 7 is a reflection; this time the flip is made, around the
-diagonal line through ( 16., 0 .) and ( 0 , 10 ) .

Rules b and c of page 10 are reflections. too; rule b .flivs the plane
around the line going.through ( 0,0 ) and ( 1 , 1 ) , and rule c flips about the
line pass-ing through ( 0 , 0 ) and- (- 1 , 1 ) . Interestingly enough,' the composite

- bcof these two reflections, .( LI, A ) ( -n ,- A ) , is 'not itself a reflection.;
Instead,..it is a rotation throdgh 180° (a half turn) about the origin, ( 0 ,0 )
Nlcitice that the only standstikVoint for this composite rotation is ( 0 ,0 ),.

a

17
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Summary of.Problerris'in the Film
'"jumping Rules in the Plane, Part II"

, 6th Grade, Jarneki Russell Lowell School, Watertown, Massachusetts
Teacher: 'Lee Osburn

r

18

I, , .

_ -

ilerie is a new rule; (LI A) > (D X 5 ,

Wil the area change Or stay the same now?

T acher changes the rule to (El , ,L\) > 40 X 3
(6 , 5)

(2 , 31 goes
7

Maybe yoil are ,right and the a'i-ea does stay the same.

Try (2., 5)

Try one of the other points up there'. to (.6., 3)
1/'"%.

Try an-Other point. , 3) goes to (12 , 3)

Another? (4 , 5) goes t9 (12 ,

"It has gone three times bigger'. "

"The space between the two s'as
. of dots is ttiree of those boxes."

New problem: Write a rule.so that when you start with that same basiC figure
that'we have up there; your rule will make the aria 15 times bigger and put
the figure down here in the lower left hand quarter.

Mt.
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Following are s o.i the students' writteo answer's and the teacher's comments: ,
( D A) (Eli, A X 15)

That will make the-area 15 times bigger, but will alr.oct,he picture be down here?

Other simiL r answers were:,
(U , ---> (15 ,X (p) , A )

(I] , A) -> (D X 5,AX 3)
, A) --7-> (L1 X 3 , X\X 5)

(ore] , A) ----> (0 X 3,A X 5) 6

sltIf you want.to subtract 6 , whefe do ypu want to sUbtr ct it from? (From A x 5)

Then you have to- put it in here: (LI , A ) > (LI X 3 , A X 5 6 )
'r

A). ZO,,A 5)

That not going to make the area bigger.

( {Li A) E.1 X 15 ; Ax 15).
That's going. to be more than 15 times bigger-:

, A ) > (LI X 15 , 15)

That does funny things.

Let's see it we can get a rule that will make it 15-timel;igger. Then we. will
worry about moving it. 4

, A) >. (0 X 15 , A)
Can you do something to that rule so that it will come down over here?

(Li L) ---> (15 X ( - A)
Let's try all four of these point:.on the corners. Where will (2. , 5) go with this
rule?

'4

,4

4

4.,

4.

1 9
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20

Where is that point? .ls. it going- to be in I , II, III, or IV ?

(In III.)

A

s,,11,4

ICE

7,0,0

ist

lIow .about ( 4 , 5 ) ?

What's the name of the point?

Is the area going to be 15 times the original?

l(ow do you know?

ao

"It's going to get you in III."

( -60 , -5 )

4.

It... it would be 30 across, and
'2 X 30 is 60 and 4 X 15 is 60 ,fl

(L: , A) ---> (5 )< LI , 7X A) : How many.times bigger will the .area be?
(L, , A) (100 X LI , 5 X A) : many times bigger nOw?

91ZA -4 (70 X L4 , 6 x A): How rmany;times bigger?.

(L; A) --> (2 X Li X A): *How many times bigger*

Using (t_I , A) --> (2 X Ll , X check a couple of points out. Where

.will t2 , 5) go?

Where will (4 ,,5) go? (2 , 3) ? 3) ?



7

'What happened to the figUre? tr
It changed from a 'square.to a rectangle.
Using ,that rule, draw a rectangle so that after you uSe-that rule once, the

0t,

"The shape changed.'

rectangle will.1,?e a. square.
111

c,

si.

21
A
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Supplement'

More Work With*Number Plana Rules.,

by Edward Esty

pa,

I.
41

The written lesson Epilogue iu thisThooklet introduces isometries,
which are jumping rules that do not alter distances. Translations, reflec-,./

tiorisand rotations are examples of isometries. The purpose of this paper

is to 'explol'e number plane isometries in some greater depth, and to develop
way `c, combining simple isometries by composit,ion-to4form more compli-

cated ones. t
'As wa gg.ested in the w rttten lessons, one of the best ways to see.

.what a.jumping'rule does is to try nia.kirig jumps with it. T Xings out
*51

is the way a 'child stayts to learn.abtkut jumping.rules '(among other' things}.
. : 1.You alscwktill learn frtrn this process,b in the Spne-wayas your students. 'i

i 1 ,
Most definit,e4P, you shopld not wait, pntil you ".understand all about" dumber

as., s

plane ruleS before beginning to play with tlierit...
'':1 - '

After doing the written lessOn4v, you may hive madelland tried,,,
4 solve such'questions as; "Her,e is a.:,triangle. Can I, make up a rule that

will. move it to a specific place, or turn it ,upsdeAdown?" or "Here is a
rule that I made up. What will it doi" prie Can ask what one jump with a
rule will do tO figures located in vari.ous places, what w41 happen with

44 4
4

. successiYe jumps with the rule, and where its standstill points are. Whether
,-

o.r not yo'u arid your class' were able to solve ail the'probfems you thought of, -
,

this supplement will sum up some.of t----(l e discbverieS you tnade, and introduce
you to ways to pursue other interesting problems.

IPCentral to what follows is the fact that isometries, when combined

by the operation of composition, enjoy the followirig four properties:

1: The compos.ite of two isometries is' again an isOmetry. (See page 15

in this llooklet.)

Z. Composition is associative. This is true, rettardless of whether the

rule.s (fuartions) being composed are isometyies 'or not. 'Let A, B, and C
l:sfriree jyrnping rules., and compare (AB)C with A(Bt). Each of these is

n :

;



).

a

. lhe.'rule which has the same effect as.ffrst doing, rule A, thven"rule.B
.. /,

finally rule C. So (A13.)C, is the Same as A(3C). Saying.nythin,g moie
about this would 'only cOnfuse things.

, 4
3. The rule (Li , A) :----1-> ( Ll ,, 4\ ) is all isometry, ,a-nd has, no of.fect.
This means that no matter .what rule b is; .bi

.

is the s'llatCe. and ib )*.
10.c...s,also the, same as b. In this paper we will always use the, lett.er ito

. . ., ,

name the*rule (L: , A) --''----), ICJ , A.) . Rule i can- be viewed eithe'f as,.
a translation that slides every point a.'distance of zero or 61.se as arotation

,

through z'oro degrees.
,. ik"

.,r7 ,

4. II rtile..",..t i44.- any isometry, then,there is an isometry t read It bar")
which undoes whatever rule t did; that is,

1 .

t t i

-Rule t is cNJ,)ticl the inverse of rule (See prOblems 5, , and 7 onpages
4 and 5 of tre written lesson for Book 16.) ,Furthermore, rule t -is the

#inyerseThf rule t , No we alio har e. t t = i . For example,,, if t is the.
,

t ranslation
't ( 41 , 'A 100 ) ,

2

then t is ( ) L,1 41 + 100 )
2

Translations are simple. Soble problems:

P Write the translation that sendS (1 , 2) to, (10 , 10).*
4

(1, , A)

2. Where does the rule you wrote for problem 1 serid (0 , 0) ?
3. What point gets -sent to ( 0 , 0), using the same rule -(rule c) ?
4.'" Where.does .the inverse of rule c send (0 , 0) ?

1
'I \1

% 5. Where i$. ( 3 , 6.) sent, usi, ng fine .C'' ? .
2,

6. Starting at ( 0 , 0) make three consec.utiye jumps .with rule . What
is your finilanding'ipoint?

7. Starting at (0 , 0) make one jump with rule ccc . Wherto you.
land?

-
8. One jum with the trantglation d sends the*point (798 , 14-1 )

.;'

897 space aight down.

Write the -inyers of Itule d .

(t) c--;--->1

I,
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,

,
. II r

.
.,

. IL

VI ..
.

. ..'
We turn noW to reflAtions and rotatidns; considering for the moment.

a

f . z

a

24

two very ,simple retlections. 1"Lefirst is

1 ', A ) > Li , A ).

Which flips the plane ar/ind the firsi number line. Its effect4. 6n. number
. .

pairs is to keep the. first component the same .but to, r6p1ace the second .

cornpottelit by iCS opposite. Notice that standstill points fox f are exactly
points4.-,czn the tirst number line Also, fig its'ow inverse: ff

. .

(Of course, this is true of all reflections,nob jiist f.) ../

,

ti

A

._.

- --,.-

_

0

,.
.___ ____ __

"4k
____,

-

.

....--

sse

0

t

0

-

.0

5 I

..1...;

s P
,

6

*?

. 0

* . ..

\
A

el' '
1

.. t
0

0 --.--

/

dt

as.
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fin
Th'e second* reflewe consider is (l;.] , A) = (A , Li ) AArhich ig

the tlp about: the diagonal line through (0 0) and (1 ,.1).* Its effect on,
"nurpber pairs is simply to irtter,change l'he components. ,The fixed pointA for
g are those points whose -.(7rdinates are equal. And again, g = g that
is, g'is its dwn inverse.

4

T.

/
a/

,..//
i

A,-

_

, /
.

, / .
.

".

//
,

4.

/
//

.

ssp .

.

..

,

.

.40

-We.used the letter I because it would sugest "flip" The letter 'g is
near f in th. alphabet and thus seems appropriate to,indicate another

' flipping rule. Because rules f and g are used so fretiuently; we rewri,te
)-them' at th e. top of all appropriate.page s. ...

A

t,



( A) (KJ , )

( , A ) > ( , I 1)

What ddes the compo'Site rule fg do ? The reader is encourage.d to

ic.ut.out the square at ale bottom of this page, give t a flip

and then a flip like this:

26

4.

LI

I.

%

rule f

. rule" g

Cut,out this square



-,-1>.(C1 TA)
; ( I

1 ) A )

The,final result looks like this:

ft

11The little man ha1 been rotated 900 counterclockwise. (This is hard to
show in pictures. It' s much more convincing if you actually do it yourself.)

4

In terms of boxes and wedges the rule fg
t

`(11, A). --11--> ('1, -A ). g >
A

-( \- A
---- .1 \.. ,-...., ..-/* ...,

I rake the, opposite. of, / Interchange \
second component.,) \ components./

....... -- ..,-,- ... ,"
.<,.

.--..
-1.- ---

The origin., (0 , 0) , is the sole fixed point of this rotation.
,..f .

4

is -(N1 , A) ---->t( , ), because

Problems:

1 . If fg is a counterclockwise rotation of 900 , what is .fgfg ? That is, what
motion has the same effect as two s&cessive 900 counterclockwise4

rotations ?
Z. %Rule fgfgfg is a iotation of

amounts to the same thing, a rotatiorio degrees clockwise.
3. What,is a much simpler name for rule fg gfg ?

,4. The r-Ule gffg must be i because we can cross off the ff in the middle
(since ff = i) and then we are left with gg , which is also .i
since (gf)(fg) 1, gf, must be the inverse of fg. Describe what

degrees counterclockwise, or, what

rule gf does.

f
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You can doubtless, figure out how.to get a reflection about the second
number line Instead of taking.the opposite of the second cornpone4 as
we did in rule f , we must take the oppOsite of the first component.

The rule is,then t-r] , A ) A ) . But let' s see how we could

have obtained this rule using only f''s and g' s. Since we want to flip

around the secc al number line, we first do 'a rotation of 900 clockwise,
6

using rule gf wEich sends the second number line into the first. Then

we flip uSing rule I, and finally rotate 900 counterciclawise, using
rule fg . The effects of these.rules on a' triangle-, S, are shown below.

composite reflection
,

gf
rotate 90° clockwise

re

4

4.11. .11IS VP,440

t,

1

S.
01.

5

A

flip rotate back again

The cbmposite ride is therefore gfffg , which we can simplify into gfg by

crossingAt ff . With boxes and wedges we have:

(Li , A ) 8-----> ( A 1: f1) f > '(A. , CI ) g > ( -11 , A )
A A

-"... 9 \---,
"-- swit(h N /take opposite of\ switch \
components) recond component/ . (components ). ../.-.. .....- `:.. .....-" *%... atoin_, /-.-. --

V



(

-( A4 (A., u.)

The same son of thing is happening with the boxes and'Wedges as is
happening in the pictures, we-Move the box into the second slot, take its

.opposite, and then, move it back. An analogous thing occurs'in hdspitals.
The paeient is moved from his room to the oPerating room, is..operated
on, and then MOved back to his own room. Movi.ng the surgical equipment
tO the patient's room and operatir %there would have the s,ame effect, but

.

of course the standard procedure is far easier.
Our last siMple reflection will be one about the other diagonalthe

line through (71 , 1 ) nd (0 , 0).

A

v

r
__ __

.

'401) (o,b)

.....5

Rotating 900 ciounter,clockwise will.bting the diagonal line shown onto the
diagonal through (0 , 0 ) and (1 , ) . Then we flip using rule g and
finally rotate 90° clockwise. We illustrate these steps by showing their

.effect on another trtangle.

5

do

fir

aJ

sr_

lb

-.

t

1 ..- -.....---

14,
.. '47.73

0
0'-

.5

._

-

_

r
5----

g f
, 2
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(D Z\)--+(D , -A)

This time the composite rule is fgggf,, or, more siMply,

, A) ( , CI)

(11 , A ) (0 , -A ) g > (-A , ) > (-A , )

We summarize the reflections,and rotations we have so far:

,
Rule ' . Name Effect

,1

Standsiill

cn
V
0
H

H
0,
c4

:\ ) A---' (- A , 11) fg
900 counterclockwise
ov 270° clockwise (0 , 0)

(9oint(s)

(11, A ) -----> ( -Li , -A )
fgfg or

gfgf
180° counterclockwise
or 180° clockwise (0 , 0)

1

t11 \
fgfgfg
or gf

270° counterclockwise
or 90° clockwiae (0 , 0)'

) ( A , 71:1)

( 1, A, ) --> ( ri , A )
fgfgfgfg

or i

counterclockwise
yr, clockwise i every point

cn
V,

.9,
1--.u
LY-1

4,
C4

'(L1

(1-1,- ),-----> -( 1 -A ) f
flip around first
number line 141111 )1111P

([ 1 t ->A ) ( A P 11 ) g
"pr .

flip around diagonal

----). fifs
flip around second
number line , $A ) (-u I A )

ri 4 A ) -> ( 7A $ -1] ) fgf flip around diagonal 1914%4

The reader may be wondering, "How can I remember all those rules?
They all look .so much alike." Ind4d they do, and this iS why nobody does

memorize them. All you have to remember is the two reflections
([1 , A ) , -A ) and (0 , A ), g

tr.
> ,(A , 0) , because all

the others can be generated from these two. (If this is reminiscent of

lists of rules discussed in an earlier supplement, it should be. Rules f
and g generate a list of eight rulesthose appearing in the chart above.)
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So far, our rotations .have been around the oriOn and our reflections
about lines through the origin. ,Can we find rotations and reflections through
other points and.lines? Techniques similar' to those we have already used
are brought into play again; we illustrate by deriving the 900 counter-
clockwise rotation around the point ( 5 , 2) , whose effect on triangle Y
is shown belOw.

I va\

r

5

4

We first perform the translation that sends ( 5 , 2) to (0 , 0); then we
do the rotation fg ; finally we slide back using the inverse oCour original
translation. The first translation, t , is

100

(1J,A) (0 5., A 2)

Our rotatio,n. is
fg(° I A > , .

and the inverse translation is
( [1 ';'A) ( + 5 , A + 2)

This gives us

( Ll A ) t
> ( 5 , A -; ," ) ,

S (r.i,A). tfgi

or, simplifying, (0 , A )

(A 2) + 5, 0 - 5 + 2)

V(A + 5, _1 5 + 2)tt > (7 A, 0 - 3)

3

,
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The effects on triangle Y of th6 succesolon orrules 1, fg, and t (and

hence the etfec:t of the composite rule tfg t) are shown here:

-5101111

The reader is enCouraged_to try this rule on a few pgints to see that it really
performs as advertised.

One last'exarnple:

and , ) ?

SI.

What is the-reflection about the line through (-7 , )

4-

0

Pick any point on the line in questiOn,and find ate translation w'hich sends

that point to ( 0 , 0) . (Call the translation s . ) Then do ehe flip

( LI , )
g, > (A , ) . Follow that with the inverse of the. translation.

Suppose we pick ('-1 , 6), which is on the line throu0 (-7. ,,0) and ( 0 , ).
4 s

([ , A) ---> (E) + , A 6 ) g
> 6, LI + f)---t7> (A-6 1,0+1+6)

So, (LI , A) (A 7 , 0 + 7)

ati

p.
#
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A

(L-1 g , 0)

Would it have made any difference if we hadipicked a.point other than ( 1 , 6) ?
Try ( 3) . The rules then look like this:

(t.] , A) n (Ll 4 4, A 3)

Again-we.kave (LI , A) (A 7, 0 + 7)
d

More Pro14lems:

1. Using the rules (s , g and n of pages 32 and 33; write the rule sgn using
boxes and wedges. (This kin's:1 of isometry is likethe rules4of the first
,121
five pages of the written les,son in this booklet and is called a glide
re.flectlon.)

6

What are all the'isometFies That CZONnot-alter the position of the rectangle
shown below?

3 -

I 72
4

A. 3

t .

(flint: There are four of them, two Of which:are reflection's.)

3. What are all the isometries that do not alter the position of the triangle
shown below ?

\SI

n

5
4-

--4
- -I
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4. There are four isornetries which take the points of rectangle S i,nto
the points of rectangle L .Of these how many take the point

X iito the third (lower 1efthaid) quadrant?

4

-- --

-

5. 1'ind a p'oint Y su.ch that exactly one of the four isornetries of problem
4 takes Y info the thirthquadrant.

6. Replace the underlined word of problem 5 by t1Iiree ; by four; by none.
Which sire possible?

f
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Iv.

We have said nothing` about!rotations through angle.s other than 00, 900 ,

.180°, or 470°, nor have; we mentioned.reflections about lines other than
those that make angles.of 00, 45°, 90°, or 135° with the first number
The reason for this is that even though other reflections and rotations' are

On

as simple conceptually as he bnes we have considered, they are deviliShly
difficult to express in box-wedge jumping rule form. If the angles involved
are simple, like, 300 or 600, then some of ihe numbers involved are irrational
(like .NFT ); if the numbers are relatively simple the angles are never easy

-to handle. This is just the way the ball bounces (reflects); but,for the
deterroined r er we append two formulas:

1. , "The reflection about the line that goes through (0 , 0 ) and (1, n) is:

n2 .1 X 11, +n2 + 1

2n n2 1

T + n2 + 1 X A

( [he symbol "1" stand for the number one , and is not a lower case
le tte r L. ) II.

,

Z. l'he rotation which keei\s (

given by

, 0) fixed and"sends ( , 0) to a, b) is

(il,A) bA, 130 + aA)

The rotation jumping rufe looks pre ty straightforward until you realize.that
the point (a , b) must be on the c'i'rcle of radius 1 centered at (0 , 0)
because the distance between (0 , 0 ) and ( a , b) must be 1 , just as 4 is
between (0 , 0) and (1, 0), ven a rotati* as seemingly simple as 45°
countercl'Ockwise necessitates irrational nurnbs., for we must send ( 1, 0 )
to making the rule

(ill , A ) ----> 11 A
2

el

4

3 3

\
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